In this work we construct a infinite dimensional ℓ-super Galilean conformal algebra, which is a generalization of the ℓ = 1 algebra found in the literature. We give a classification of central extensions, the vector field representation, the coadjoint representation and the operator product expansion of the infinite dimensional ℓ-super Galilean conformal algebra, keeping possible applications in physics and mathematics in mind.
Introduction
The Virasoro algebra, which is an infinite dimensional Lie algebra, is found to play a very vital role in many areas of physics and mathematics. Various aspects of this algebra such as coadjoint representations, supersymmetric extensions, orbits, vertex operators are well studied in the literatures.
A simple generalization of the Virasoro algebra is constructed by taking semidirect sum of the Virasoro algebra and an abelian ideal:
[L n , P m ] = (n − m)P n+m + c 2 n(n 2 − 1)δ n+m,0 ,
[P n , P m ] = 0, n, m ∈ Z (1.1)
This infinite dimensional Lie algebra appears in various context of physical and mathematical problems in recent years.
In general relativity, the algebra is called bms 3 and describes an infinite dimensional symmetry of three-dimensional asymptotically flat spacetimes at null infinity [1, 2, 3, 4, 5, 6, 7] (and references therein and see [8, 9] for original four-dimensional version). The same algebra appears in non-relativistic analogue of AdS/CFT correspondence and called infinite dimensional Galilean conformal algebra (GCA) [10, 11, 12, 13, 14, 15] (see also [16, 17, 18, 19, 20, 21] for some varieties of the algebra). The same algebra also appears in cosmological topologically massive gravity [22, 2] and bosonic string theory [23, 24] . It is shown that the Navier-Stokes equation can be recast in a form covariant under GCA [25] (see also [26, 27] for GCA covariant equations). It is also shown that GCA appears as a symmetry of Newton-Cartan spacetime [28] .
The GCAs we mentioned are all infinite dimensional and have the Virasoro algebra as a subalgebra. These can be regarded as an infinite dimensional extension of the GCAs of finite dimension which were found in [29, 30, 31] . The structure of the finite dimensional GCAs is a semidirect sum of sl(2, R) ⊕ so(d) and an abelian ideal. The Virasoro sector of infinite dimensional GCAs is replaced by its subalgebra sl(2, R). The finite dimensional GCAs also attract much attention recently in various contexts. A nice review of physical and mathematical aspects of GCAs is found in [20] (see the forward of it) and we quote some very recent works [32, 33, 34, 35, 36, 37] .
We now return to the algebra (1.1). The Virasoro algebra is the central extension of the Lie algebra of vector fields on S 1 . From this viewpoint one can consider extensions of the Virasoro algebra by modules of tensor densities on S 1 . The algebra (1.1) was obtained as one of such extensions [38, 39] and its relations to matrix Strum-Liouville operators were investigated [40] . The algebra (1.1) is called W (2, 2) in the context of vertex operator algebras. The W (2, 2) algebra and its highest weight modules arise naturally in the studies of vertex operator algebra L( abelian ideal. The algebra (1.1) is d = ℓ = 1 member of this class of Lie algebras. From mathematical point of view it is quite natural not to restrict ourselves to a specific case such as d = ℓ = 1, but to study the class of Lie algebras itself. However, higher values of d require additional generators so that structure of the algebra is altered a lot. Therefore, as a first step, we keep d = 1 and restrict ourselves to this subclass of Lie algebras for a generic ℓ in the present work.
For a given value of ℓ the infinite dimensional Lie algebra that we investigate is defined by the commutation relations:
The suffix r of P r takes an integer or a half-integer value depending on the value of ℓ. It is known that c 1 and c 2 exhaust all possible central extensions [39, 44] . We denote this algebra by g ℓ throughout this paper.
On the other hand, supersymmetry is a very fundamental notion in physics and in mathematics. It is therefore natural to consider extensions of our algebras (1.2) to superalgebras. Supersymmetric extensions found in literatures are also restricted to ℓ = 1 algebra. Such extensions are considered again in the context of infinite dimensional GCA [45, 46, 61] , BMS group [47, 48, 49] , generalized Sturm-Liouville operators [50, 51] and string theory [52, 53] . We introduce a supersymmetric extension of the algebra (1.2) for any values of ℓ, and classify its central extensions. This is one of the purposes of the present work. Supersymmetric extensions of the finite dimensional GCAs are also studied in a lot of literatures. For example, see [54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64] .
Having a class of infinite dimensional Lie algebras and its supersymmetric extension, we aim to provide some basic tools that will open ways to further physical and mathematical applications of this algebraic structure. Among others, as a first step, we focus on vector field representations, coadjoint representations and operator product expansions (OPE) in the present work.
The present paper is organized as follows. In §2 the bosonic Lie algebra (1.2) is extended to N = 1 superalgebra and we list up all possible central extensions of the superalgebra. In §3 vector field representation of the superalgebra without central extensions is given. Based on this vector field representation we reconstruct the whole superalgebra in terms of tensor densities of the Lie algebra of a smooth vector field on S 1 . This allows us to define a regular dual of the superalgebra which is used to construct the coadjoint representation. In §4 following the standard procedures we construct the operator product expansion for the superalgebra. We close the paper with some concluding remarks in §5.
2 Supersymmetric extension and central extensions
It is well known that the supersymmetric algebras play a very fundamental role in many areas of physics and mathematics. Realising the importance of the supersymmetry, we want to extend the algebra defined in (1.2) to a superalgebra. We look for the minimal extension to the supersymmetric case. We could construct a supersymmetric algebra, with two additional fermionic generators, namely G m and H r , where m ∈ Z, r ∈ Z + ℓ.
The following relations define a Lie superalgebra:
where m, n ∈ Z and r, s ∈ Z+ℓ. Here this algebra is written down with all possible central extensions. This classification of central extensions will be proved in the next subsection. The supersymmetric extension (2.1) recovers the algebra introduced in [46] for ℓ = 1. The subset spanned by L m and G m is the Ramond algebra which is a N = 1 extension of the Virasoro algebra. One may construct the superalgebra that has the Neveu-Schwarz as a subalgebra by adding two fermionic generators G r , H m (r ∈ Z + ℓ, m ∈ Z) to (1.2). The results of the following sections may not be altered a lot for this second ℓ-super GCA. Therefore we consider only the algebra (2.1) in this work. The superalgebra defined by (2.1) is denoted by sg ℓ . Different types of supersymmetric extension of ℓ = 1 GCA are introduced and some aspects of them are discussed in [45, 48, 49, 50, 51, 52, 53] .
Proof of the central extensions
The central extension of the bosonic sector of (2.1) has been classified in [44] . We thus consider the following additional central extensions:
where Z mn = Z nm , W rs = W sr , α mr , β mn , γ mr , ξ rm and η rs are abelian generators that commute with all other generators. We shall use the super-Jacobi identities in order to single out all possible central extensions.
The super-Jacobi identity for {P r , H s , H t } yields the equation:
It follows that η rs = 0 for all r, s. For {P r , G m , H s } we obtain the equation:
which shows that ξ rm = 0. For {P r , L m , G n } we have the equation:
Setting n = 0 one sees that γ mr = 0 if r = 0. While setting r + n = 0 (r 2 + n 2 = 0) one see that γ m,0 = 0. Therefore we showed that γ mr = 0 for all m and r.
We have two independent relations from the super-Jacobi identity for {L m , G n , H r } :
The equation (2.6) shows that β mn = 0. From (2.7) with m = 0 we have
Hence α nr = 0 if ℓ is a half-integer since r + n = 0 for this case. If ℓ is an integer, one may write α nr = δ n+r,0 a n and (2.7) yields the equation:
for all values of m, n. The equation (2.9) with m = 1 gives a recurrence relation for a n :
which is solved to give the formula:
The equation (2.9) with m = −n gives an another expression of a n :
From these two formulae for a n one may see that
It follows that
Hence we obtain α mn = c 2 (4m 2 − 1)δ m+n,0 δ ℓ,1 . for all m, r. From (2.17) with m = −2r we obtain ℓrω r = 0. Therefore ω r = 0 if r = 0. Note that this is always true for half-integer ℓ. We need to show that ω 0 = 0 for integer ℓ. From (2.17) with r = 0 and non-vanishing m we have
It follows that ω 0 = 0 as ω m = 0 for m = 0. Thus we showed W rs = 0. Finally, we show that Z mn gives a non-trivial central extension. It follows from the super-Jacobi identity for {L k , G m , G n } which gives the equation:
One may see that Z mn = δ m+n,0 z m since we have (m + n)Z mn = 0 from the equation (2.18) with k = 0. With this expression of Z mn (2.18) is written as follows:
To obtain z 0 we use the equation (2.19) with k = −m ( = 0) :
This together with (2.20) gives that z 0 = −c 1 . Hence we obtain z m = c 1 (4m 2 − 1) for all m and Z mn = δ m+n,0 c 1 (4m 2 − 1). This completes the proof of the classification of all possible central extensions.
Some representations 3.1 Vector field representation
The vector field representations are explicit realizations of the infinitesimal actions of the generators of the group. Having an explicit representation helps us in doing practical calculations, for instance, constructing invariant equations of the group. We write down the vector field representation of the ℓ-super GCA without central extensions which is given in terms of one Grassmann variable:
where t, x are c-number variables and ξ is a Grassmann variable. We remark that a realization for the ℓ = 1 algebra with two Grassmann variables is known in the literature [46] :
where α, β are Grassmann variables. The representations (3.1) and (3.2) also give representations of the bosonic algebra g ℓ . By restricting to bosonic generators we have a representation in terms of c-number and Grassmann variables. If we further remove the Grassmann variables, we have a representation in terms only of c-number variables.
Now we consider the current algebra corresponding to (3.1). Let f (t), g ℓ (t), γ(t) and χ ℓ (t) be C ∞ functions of t. Then the representation (3.1) is a Laurent expansion of the followings:
Indeed, by expanding the functions as below one may recover (3.1):
More concretely, we have
The non-vanishing commutators for (3.3) are given by
These commutation relations help us in identifying the generators with tensor densities of Vect(S 1 ) which is considered in the next section.
Tensor density module construction of sg ℓ and regular dual
From now on we compactify the variable t = e iθ . Therefore the functions f (t), g ℓ (t), γ(t) and χ ℓ (t) are defined on S 1 . Let Vect(S 1 ) be the Lie algebra of a smooth vector field on S 1 : f (t)d/dt. Let F λ be the space of all tensor densities on S 1 of degree λ : φ = φ(t)(dt) −λ . The Lie algebra Vect(S 1 ) acts on F λ by the Lie derivative:
This leads to the identification of the elements of the superalgebra to the tensor density module:
Indeed, by an appropriate definition of (anti)commutation relations for F λ one may define a Lie superalgebra for the vector space of the tensor density modules. Furthermore the Lie superalgebra is isomorphic to the one defined in (3.6). First, we note the isomorphism
where ⋉ denotes the semidirect sum. The isomorphism is established by the following commutation relation for Vect(S 1 )⋉F ℓ :
Next, we consider the Vect(
. We define the action
In commutator form
We define the anticommutator M ℓ ⊗ M ℓ → Vect(S 1 )⋉F ℓ by the relation:
Then it is immediate to verify the followings: (i) equations (3.10), (3.12) and (3.13) define a Lie superalgebra structure on Vect(
(ii) the constructed Lie superalgebra is isomorphic to the one defined by (3.6). Now we incorporate the central extension. They are given by
The Virasoro central extension is the well-known Gelfand-Fuchs cocycle. In this way we have achieved the tensor density construction of the superalgebra sg ℓ :
where ⊕ denotes the direct sum of vector spaces. In order to discuss coadjoint representations, we would like to introduce the algebraic dual of sg ℓ . As usual in the infinite dimensional setting, we consider the regular dual of sg ℓ (see [65] ). Here, specifically, the dual module F * λ may be identified with F −λ−1 through the pairing:
We thus identify the dual algebra sg * ℓ as follows:
(3.17)
Coadjoint representation of sg ℓ
A Lie algebra acts on itself by the adjoint action provided by the Lie bracket. Given a Lie algebra and its dual, we can find the coadjoint action of the algebra on its dual. The coadjoint action ad * of sg ℓ on sg * ℓ is defined by
where [ , ] ± denotes the commutator or anticommutator and the duality pairing between sg ℓ and sg * ℓ is defined by
Using the algebra sg ℓ and the pairing relation, it may not be difficult to derive the following formulae, here the action on the central elements is omitted since it is trivial:
If we restrict ourselves to the bosonic coordinates only and take the Grassmann variables to zero we get the coadjoint representation for the algebra g ℓ . With this coadjoint representation one may consider the coadjoint orbit of the (super)groups generated by g ℓ or sg ℓ . The coadjoint orbits of the BMS 3 group (which is generated by g 1 ) is already discussed in [5] using the induced representations. We also mention seminal works on coadjoint orbits of the Virasoro and super Virasoro groups [66, 67, 68] .
OPE for the algebras
In this section we construct the operator product expansion for fields which can be expanded in terms of the generators of (2.1) . We follow the standard approach used in the theory of vertex operator algebras (see for example [69, 70] ). For illustrative purpose we start with the bosonic part of the algebra. We write down the fields corresponding to L n and P r as power series in the variable z :
To find the OPE of L(z) and P (w), we calculate
Now consider the first term, setting s = m + r then n = m + 1:
The definition of the formal delta function δ(z − w) = n z −n−1 w n was used in the last equality. The second term in we obtain L(z)P (w) ∼ 6c 2 δ ℓ,1 (z − w) 4 + (ℓ + 1)P (w) (z − w) 2 + ∂ w P (w) (z − w) (4.10)
It is now obvious that OPE for the product of two P (z) is given by P (z)P (w) ∼ 0. (4.11)
Concluding remarks
In this paper we have considered an infinite dimensional ℓ-super Galilean conformal algebra of d = 1. We gave a classification of central extensions and have worked out some of the basic ingredients of representation theories such as vector representation, tensor density module construction, coadjoint representation and operator product expansion for this superalgebra. The physical and mathematical applications of the superalgebra and the structures that are worked out here will be taken up for investigations in the future. We restricted ourselves to d = 1 algebras which is the simplest subclass of the larger class of ℓ-GCA. Representation theories and supersymmetric extensions of ℓ-GCA for higher values of d have not been studied extensively. As found in the literatures [45, 48, 49, 50, 51, 52, 53] , supersymmetric extension of g ℓ is not unique and some of them are discussed in connection with tensionless string theory. This implies that starting from bosonic ℓ-GCA for higher values of d one may obtain various infinite dimensional superalgebras and some of them are of physical interest. Therefore further studies of ℓ-(super) GCA will provide us fruitful results in both physics and mathematics.
